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ABSTRACT 

Supercritical CO2 (S-CO2) power cycle is a variation of Brayton cycle. In contrast to the fact that 
Brayton cycle operates with a gas phase fluid, S-CO2 power cycle operates with supercritical 
phase CO2. Many advantages of S-CO2 power cycle are rooted from the novel characteristics of 
supercritical state, including reduced compression work near the critical point. To observe the 
system behavior of S-CO2 cycle, the off-design performances of compressor and turbine should 
be analyzed accurately. Off-design performances of turbomachinery are traditionally considered 
as a function of mass flow rate, rpm, inlet temperature and pressure. However, it is not practical 
to produce off-design performances according to these four variables due to an excessive 
amount of calculation. Instead, off-design performances are usually pre-calculated and 
represented as a performance map so that the performance can be shown with respect to mass 
flow rate and rpm while inlet temperature and pressure are fixed. The variation of temperature 
and pressure are converted into the variation of mass flow rate and rpm with the similitude 
concept. In this paper, the concept of similitude for off-design performance are illustrated. The 
applicability of five existing similitude models is evaluated for S-CO2 compressor and turbine. 
Moreover, a modified model is proposed for off-design performance prediction of S-CO2 
compressor. 

 

INTRODUCTION 

Most of the power plants mainly have adopted a steam Rankine cycle or a gas Brayton cycle 
until now. Since the invention of energy conversion through a thermodynamic cycle, there has 
been always a great emphasis on energy source and power cycle to convert energy into useful 
work. At the same time, to devise a better power conversion cycle, various approaches were 
taken by researchers. One of the examples is an S-CO2 (supercritical CO2) Brayton cycle. An S-
CO2 power cycle operates with a supercritical fluid, where temperature and pressure of working 
fluid are above the critical point. Many advantages of S-CO2 power cycle are rooted from its 
novel characteristics. The fluid has liquid like density, but at the same time, gas like low viscosity. 
Furthermore, the fluid properties near the critical point show dramatic changes and highly non-
linear behavior. One particularly important thermodynamic property is the compressibility factor 



and it is reduced greatly near the critical point [1]. Due to this reduced compression work, 
although S-CO2 cycle utilizes compact turbomachinery like Brayton cycle, it has pump like 
minimized work similar to a steam Rankine cycle. 

Since the S-CO2 power cycle consists of various components such as compressor, turbine, and 
heat exchanger, it is clear that the off-design behaviors of each component determine the system 
level behavior. Among them, turbomachinery can have a great impact on the analysis due to the 
non-linear property changes of S-CO2. Although performance prediction method for S-CO2 
compressor and turbine originated mainly from the method for air condition, S-CO2 shows very 
strong real gas effects unlike air. 

The off-design performances of turbomachinery are traditionally considered as a function of 
mass flow rate, rpm, inlet temperature and pressure. However, it is not practical to produce off-
design performances according to these four variables, because it requires 4th order calculation 
for every iteration in the system level analysis. Instead, the off-design performances for the 
design inlet conditions are usually pre-calculated and represented as a performance map. The 
performance is shown with respect to mass flow rate and rpm, and additionally variations of 
temperature and pressure are reflected by adopting the similitude concept. That is to say, it is 
possible to avoid calculations for each iteration in system analysis as well as to reduce 4th order 
calculation to 2nd order calculation. Several models have been developed for the off-design 
performance prediction and they are mostly for air conditions [2-6]. The validity of these methods 
for air condition is widely accepted due to large volume of experimental evidence. However, the 
applicability of such methods to S-CO2 still needs to be investigated further. 

In this paper, the concept of similitude models is briefly illustrated, and five existing similitude 
models from open literature are presented. To evaluate the prediction errors caused by the 
existing models, error quantification procedure is proposed using 1D mean-line code, KAIST-
TMD. As a result, average and maximum prediction errors are obtained and summarized in this 
study. Moreover, the modification of an existing similitude model is conducted by relating density 
and the similitude of external loss effects to improve the prediction accuracy for S-CO2 
compressor. 

 

SIMILITUDE CONCEPT FOR TURBOMACHINERY OFF-DESIGN PERFORMANCE 
PREIDCTION 

The off-design performances of turbomachinery, generally measured by pressure ratio and 
efficiency, or enthalpy rise and efficiency, can be considered as a function of four variables, 
which are inlet temperature, inlet pressure, mass flow rate, and rpm. However, most of off-design 
performances are evaluated for different mass flow rate and rpm conditions while inlet 
temperature and pressure are fixed at the design conditions. 

One can think that the off-design performance is a function, which has efficiency, pressure ratio, 
enthalpy rise as outputs, and operating conditions (temperature, pressure, mass flow rate, rpm), 
geometry, and fluid properties as inputs. An attempt to relate all of these variables to off-design 
performance will require an excessive amount of numerical simulations and experiments. 
Alternatively, researchers introduced dimensional analysis to reduce such complexity. 
Consequently, the non-dimensional groups are derived and the function can be simplified. There 
are several existing models. The differences among the models are how each model treats real 
gas effect deviating from ideal gas. 

The simplest model is ideal gas model (IG) [2]. The relation among input and outputs can be 
expressed as shown in equation (1) 



 fn(D, N, ṁ, Pin, Tin, R, γ, μ) = Pout, Tout, ∆H (1) 

In an attempt to simplify this relation, it is natural to introduce the dimensional analysis 
(Buckingham Pi theorem). Then this yields six dimensionless quantities. Since a geometry is 
fixed, regarding off-design performance, the diameter can be omitted. Furthermore, Reynolds 
number normally has little impact on performance except for very low Reynolds number flow, so 
removing Reynolds number from the function is also reasonable. As a result, the variables are 
simplified to five parameters as shown in equations (3)-(7). One of these parameters is 
temperature ratio. Temperature ratio can be converted into efficiency through equation (2). 
Consequently, equation (1) can be simplified to equation (8) with the derived five parameters. 
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ṁ√γRTin

γPin

,
N

√γRTin

) = PR,
∆H

γRTin

, η (8) 

Equation (8) implies that if the two operating conditions have the same flow parameters and 
speed parameters, the performance variables on the right hand side are expected to be the 
same as well. Using these equalities, it is possible to derive corrected mass flow rate and 
corrected rpm as shown in equations (9) and (10). 
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IG model assumes the working fluid follows the ideal gas law. However, real gas effects cannot 
be neglected in many cases. Thus, compressibility factor is added to model real gas effect 
accurately in IGZ model [4]. 

Since specific heat ratio does not greatly change in ideal gas case, specific heat ratio is assumed 
to be a constant in IG and BNI models. However, it is often required to cover the variation of 
specific heat ratio for a real gas case. For this reason, Glassman [5] introduced the analogy of a 
critical condition. From the isentropic flow relation, it is possible to take equations (11) and (12) 
assuming the critical condition (M=1). 
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The relation between BNI [6] and Glassman models is very similar to that of IGZ and IG models. 
Although, the variation of specific heat ratio is reflected by introducing analogy of the critical 
condition, the real gas effect is not fully captured in the model. Therefore, to further improve the 
model, compressibility factor is applied to Glassman model for developing BNI model. In short, 
BNI model is Glassman model with compressibility factor included. 

Starting from IG model, aforementioned models have been improved step by step reflecting the 
real gas effect using compressibility factor and specific heat ratio variation. Nonetheless, Pham 
[6] concluded that existing correction models cannot successfully accommodate the variation of 
properties of S-CO2, and the correction model using isentropic exponent [7] instead of specific 
heat ratio should be further utilized for the correction model. 

The relationship of the existing models is summarized in Figure 1, and their non-dimensionalized 
parameters are tabulated in Table 1. 

 
Figure 1. Flow chart of similitude model development [17] 

 

Table 1. Summary of parameters for existing similitude models [18] 

 𝚷𝟏 𝚷𝟐 𝚷𝟑 𝚷𝟒 𝚷𝟓 

IG [3] 
�̇�√𝛄𝐑𝐓

𝛄𝐏
 

𝐍

√𝛄𝐑𝐓
 

∆𝐇

𝛄𝐑𝐓
 

PR η 

IGZ [4] 
�̇�√𝛄𝐙𝐑𝐓

𝛄𝐏
 

𝐍

√𝛄𝐙𝐑𝐓
 

∆𝐇

𝛄𝐙𝐑𝐓
 

Glassman 
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�̇�√𝛄𝐑𝐓𝐜𝐫

𝛄𝐏𝐜𝐫
 

𝐍
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ANALYSIS TOOL – KAIST-TMD  

KAIST-TMD is a 1-D mean streamline code for design and performance prediction of 
turbomachinery, developed by KAIST research team [8, 9]. In the preliminary stage of designing 
a turbomachine, it can be challenging to generate the specified geometry and to predict its 
performance. To overcome this difficulty, 1-D mean streamline method has been applied. Even 
though a fluid path in a turbomachine has three-dimensional complexity, most of the fluid flows 
from inlet to outlet. Therefore, it is possible to represent three-dimensional fluid motion one-
dimensionally with velocity triangles. By using velocity triangles, continuity and energy 
conservation equation are simplified. Equation (13) indicates continuity and equation (14), i.e. 
Euler turbomachinery equation, indicates kinetic energy gain caused by the rotation of an 
impeller. 

 ho2 − ho1 = U2Cw2 − U1Cw1  (13) 

 ṁ = ρ(hs, Ps)AV  (14) 

Aforementioned description of working fluid assumes an ideal fluid flow without irreversibility, 
because the fluid behavior is represented as 1-D flow. In reality, there are various secondary 
flow effects which cannot be expressed with velocity triangles and these cause irreversibilities. 
To reflect these irreversibilities, loss models should be applied to the 1-D mean streamline 
method. By considering this 1-D mean streamline method with loss models, the compression or 
expansion process can be described correctly in all conditions.  

Because of aforementioned irreversibilities, it is very important to select a proper loss model set. 
In other words, the accuracy of performance prediction of 1-D mean streamline method heavily 
relies on loss models. Many institutions and companies have developed their own 1-D mean 
streamline codes for the design and performance prediction. KAIST-TMD is one of the developed 
codes. The compressor module was validated with Korea Atomic Energy Research Institute 
(KAERI) [10] and Sandia National Lab experimental data [11], and the turbine module was 
compared to NASA air turbine data using equivalent condition [12]. 

 

PREDICTION ERROR QUANTIFICATION PROCEDURE 

In order to evaluate the accuracy of various similitude models, it is necessary to utilize a wide 
range of operation data. However, the number of S-CO2 turbomachine operation data is very 
limited in the open literature to perform a quantified evaluation and generalize the results. 
Alternatively, it is possible to generate data with the simulation using 1-D mean streamline code. 
Thus, the generated data from KAIST-TMD was used for this study. 

The outline to evaluate the accuracy of similitude models is presented in Figure 2. The process 
for the evaluation is as follows. 

1. Generate performance data with respect to different mass flow rates and rpms at design point 
(temperature, pressure). 

2. Prescribe the off-design temperature and pressure range, and choose one similitude model 
for evaluation. 

3. Select one off-design operating condition, and calculate its performance. 

4. Convert the off-design performance into corrected performance with the selected similitude 
model. One-to-one matching of mass flow rates and rpms between corrected data from off-
design condition and reference data from design condition is imposed. 



5. The inlet temperature and pressure are the same with the design condition due to the 
conversion. Then, if mass flow rates and rpms are the same, the performance of reference data 
and corrected data should be the same. 

6. However, there will be discrepancy between the converted results and the reference. 
Therefore, the error can be quantified as mean absolute percent error (MAPE). 
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100%

𝑁
∗ ∑ |

𝑅𝑒𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 − 𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛

𝑅𝑒𝑎𝑙 𝑣𝑎𝑙𝑢𝑒
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7. Repeat the same procedure for other off-design conditions and similitude models. 

By integrating all results within prescribed temperature and pressure range, it is possible to 
evaluate overall accuracy of the model and visualize the error distribution on the P-T plane. The 
example is shown in Figure 3. The red marker in the contour indicates design point, and the 
black marker indicates the analyzed off-design point. The black line in the performance map is 
off-design performance, but converted into design point. Accordingly, if the similitude model 
perfectly works, the two lines should overlap with each other. The errors are presented with 
colors in the contour. 

 

Figure 2. Flow chart of prediction error quantification procedure [17] 

 
Figure 3. Example of error contour and comparison between reference and corrected performance data [17] 

 

 



S-CO2 TURBINE RESULTS  

Table 2. S-CO2 turbine design [18] 

Design point 

Tin(°C) 500 ρ(kg/m3) 253.24 

Pin/Pout(kPa) 20000/8000 γ 1.5 

m(kg/s) 129.15 Z 0.9 

rpm(rev/min) 20000 ns 1.44 

Efficiency(%) 91.3   
 

Table 3. Studied inlet condition (S-CO2 turbine)[18] 

 Min Max Resolution 

T(°C) 300 800 51 

P(kPa) 5000 50000 226 
 

 

Table 4. Average prediction error [%] (S-CO2 turbine) [18] 

Similitude 

model 

PR 

MAPE 

Eff 

MAPE 
∆H MAPE 

IG 0.74 8.98 13.23 

IGZ 3.47 0.27 0.79 

Glassman 2.15 1.57 3.59 

BNI 2.06 0.37 0.87 

Pham 7.25 0.39 0.43 

 

 
Table 5. Maximum pressure ratio 

prediction error [%] (turbine) [18] 

Similitude 

model 

MAPE 

(Max) 

IG 3.92 

IGZ 20.20 

Glassman 11.03 

BNI 10.60 

Pham 50.65 
 

Table 6. Maximum enthalpy rise 

prediction error [%] (turbine) [18] 

Similitude 

model 

MAPE 

(Max) 

IG 35.30 

IGZ 2.57 

Glassman 10.7 

BNI 2.10 

Pham 1.58 
 

Table 7. Maximum efficiency 

prediction error [%] (turbine) [18] 

Similitude 

model 

MAPE 

(Max) 

IG 21.52 

IGZ 0.80 

Glassman 4.08 

BNI 1.01 

Pham 1.81 
 

 

Above mentioned prediction error quantification procedure was conducted firstly for S-CO2 turbine. 
The design condition of target turbine is presented in Table 2 and the range of off-design inlet 
condition was prescribed as shown in Table 3. The average and maximum errors of off-design 
performance prediction are summarized in Tables 4-7. Three performance indicators (pressure 
ratio, enthalpy rise, efficiency) were used for the evaluation. Thermodynamically, pressure ratio 
and enthalpy rise are interchangeable expression, but they should be distinguished for the 
similitude model. The detailed rationale will be mentioned in compressor result section. To begin 
with average prediction errors, most models show less than 10% prediction errors for pressure 
ratio, efficiency, and enthalpy rise in Table 4. For pressure ratio, IG model shows the best 
prediction capability. On the other hand, regarding enthalpy rise and efficiency prediction, IG 
model shows relatively poor accuracy and Pham model shows the best accuracy. Considering 
efficiency prediction accuracy, it would be better to choose the combination of efficiency and 
enthalpy rise prediction as performance indicators, instead of the combination of efficiency and 
pressure ratio. The maximum errors additionally support the use of efficiency and enthalpy rise. 
In Tables 5 and 6, although IG model shows the maximum error of 3.9% for pressure ratio, all the 
other models show the maximum errors above 10% for pressure ratio as well as the maximum 
error of IG model for efficiency prediction is over 30%. Therefore, it is recommended to use 
efficiency and enthalpy rise as performance indicators. Among the models, IGZ, BNI, and Pham 
models show good prediction capabilities, whose average prediction errors for efficiency and 
enthalpy rise are less than 1%. Their maximum errors are less than 3%. 
 
 



S-CO2 COMPRESSOR RESULTS  

Table 8. Design condition summary (Comp1,2,3) 
 Comp1 Comp2 Comp3 

Tin(°C) 36.1 51 41 

Pin/Pout(MPa) 7.9/20 9/20 14.6/25 

m(kg/s) 129.2 129.2 129.2 

rpm(rev/min) 15000 15000 15000 

Efficiency(%) 78.7 73.8 82 

ρ(kg/m3) 329.4 276.7 767.3 

γ 9 3.6 2.9 

Z 0.41 0.53 0.32 

ns 1.54 1.49 8.9 
 

Table 9. Range of studied inlet condition 

(S-CO2 compressor) 
 Min Max Resolution 

T(°C) 25 60 36 

P(MPa) 5.8 19.8 29 
 

 

Table 10. Summary of average prediction error 

(Comp1) [MAPE, %] [17] 

 PR Eff ∆H 
PR 

from 

∆H 

IG 41.2 8.2 8.2 5.8 

IGZ 43.9 8.3 7.6 5.5 

Glassman 18.0 7.5 3.3 2.3 

BNI 18.0 7.2 3.5 2.5 

Pham 119.5 7.8 1.0 0.72 
 

Table 11. Summary of average prediction error 

(Comp2) [MAPE, %] 

 PR Eff ∆H 

PR 

from 

∆H 

IG 30.1 17.0 2.2 1.4 

IGZ 21.5 16.2 3.8 2.5 

Glassman 19.3 14.9 1.5 1.0 

BNI 11.2 16.6 3.5 2.4 

Pham 100.1 12.0 0.46 0.30 
 

Table 12. Summary of average prediction error 

(Comp3) [MAPE, %] 

 PR Eff ∆H 

PR 

from 

∆H 

IG 24.5 4.2 12.7 5.5 

IGZ 18.0 1.8 3.6 1.6 

Glassman 14.5 3.8 12.5 5.4 

BNI 5.9 1.6 3.0 1.3 

Pham 21.0 0.49 0.17 0.076 
 

 

 

Table 13. Summary of maximum error of enthalpy 

rise prediction (Comp1,2,3) [MAPE, %] 

 Comp1 Comp2 Comp3 

IG 41.5 12.8 57.2 

IGZ 10.6 6.0 13.7 

Glassman 18.3 6.7 52.1 

BNI 6.10 6.2 11.2 

Pham 3.66 1.7 2.4 
 

Table 14. Summary of maximum error of efficiency 

prediction (Comp1,2,3) [MAPE, %] 

 Comp1 Comp2 Comp3 

IG 41.2 59.4 28.3 

IGZ 17.4 30.1 27.7 

Glassman 46.6 56.8 26.0 

BNI 18.7 48.0 8.9 

Pham 16.6 27.5 2.0 
 

 

Three compressors were designed to operate in the supercritical phase. Here, these 
compressors were named as Comp1, Comp2, and Comp3. Comp1 is a compressor operating 
near the critical point, and its operation is expected to have an influence by dramatic property 
changes of CO2. Even though supercritical CO2 does not have clear phase change between 
liquid and gas, there are regions where CO2 behaves similar to either liquid or gas, and this 
region is divided by the pseudo-critical line (i.e. Willson line). Comp2 and Comp3 are 



compressors designed in the liquid-like and gas-like regions, respectively. To observe the 
prediction errors and trends, off-design operation range was prescribed within 25-60°C and 5.8-
19.8MPa for all compressors. The design points and off-design operating range are summarized 
in Tables 8-9. 

In Tables 10-12, average prediction errors for pressure ratio and enthalpy rise are summarized. 
As mentioned above, pressure ratio and enthalpy rise are interchangeable thermodynamically. 
However, these two parameters are distinguished in the similitude model. This is because the 
similitude condition derived from dimensional analysis is not the same for pressure ratio and 
enthalpy rise. To be more specific, pressure ratio similitude is shown in equation (16). 

 PRcor = PRoff (16) 

However, enthalpy rise similitude implies equation (17). Corrected enthalpy rise can be derived 
from equation (18), and it can be used to produce outlet enthalpy. Eventually, outlet pressure 
ratio can be derived with outlet enthalpy and constant entropy assumption between inlet and 
outlet through equations (18)-(21). Then, pressure ratio from equation (16) and pressure ratio 
from equation (21) can be compared. Since equations (16) and (17) indicate the two different 
similitude conditions, these two pressure ratios are not always the same. 

 (
∆H

γRT
)

cor
= (

∆H

γRT
)

off
  

(17) 

 ∆Hcor = (γRT)cor (
∆H

γRT
)

off
  

 (18) 

 Hout,isen = Hin + ∆Hcor   (19) 

 Pout = fn(Sin, Hout,isen)   (20) 

 PR = Pout/Pin  (21) 

Since most of air condition follows the ideal gas law, it is reasonable to assume constant specific 
heat and its ratio as well. That is, head parameter can be rearranged into equation (25) through 
equations (22)-(24). In short, it is possible to relate head parameter and pressure ratio similitude 
under air condition. However, S-CO2 shows dramatic property changes including specific heat 
and its ratio near the critical point, which makes it undesirable to use equation (25). 

 Tout

Tin
= (
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)

(γ−1)/γ

  (22) 
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γR
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  (23) 

 
∆H = Hout − Hin = CP(Tout − Tin) = CPTin (

Tout

Tin
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γ

γ−1
RTin ((
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)
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 ∆H

γRTin
=

1

γ−1
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Pout

Pin
)

(γ−1)/γ

− 1) = fn(Pout/Pin)  (25) 

In the last columns of Tables 10-12, derived pressure ratio prediction errors from enthalpy rise 
are presented to compare the accuracies of enthalpy rise prediction and pressure ratio prediction 
equivalently. The comparison indicates that enthalpy rise prediction significantly outperforms 
pressure ratio prediction in all models. This observation is compatible with the discussion through 
equations (16)-(25), which clarified the validity of constant specific heat ratio assumption. 

Among the five existing models, Pham model shows the most accurate enthalpy rise prediction 
in average as shown in Tables 10-12. Besides average prediction errors, it is necessary to 



observe local maximum errors. As a result of the error quantification procedure, not only the 
maximum errors of each model can be found as shown in Tables 13-14, but also the error 
contours can be visualized as in Figure 9. In Table 13, even considering maximum errors, Pham 
model has the most accurate prediction capability of less than 4% for enthalpy rise. 

The efficiency prediction average errors are shown in Tables 8-10. In Comp1, the models have 
approximately 10% errors. Although BNI model shows the most accurate prediction, the 
differences against other models are not significant. The average prediction errors of Comp2 are 
larger than Comp1 in general. The most accurate model is Pham of 12% error, but only slightly 
better than other models. The results of Comp1 and Comp2 may imply that the prediction 
accuracy differences between the similitude models are not substantial. Comp3 has less than 
5% errors in average for all models, and particularly Pham model shows less than 0.5% error. 

One might think about 10% level errors are acceptable accuracy for average prediction. 
However, their maximum errors should be considered as shown in Table 14. It was mentioned 
that enthalpy rise should be used for performance prediction instead of pressure ratio, and Pham 
model for enthalpy rise prediction has the most accurate prediction capability among the models. 
Accordingly, the maximum error for efficiency prediction by Pham model should be discussed to 
choose which model is the most suitable for predicting compressor off-design performance under 
S-CO2 condition. Comp3 shows only the maximum error of 2%. On the other hand, Comp1 and 
Comp2 show the maximum errors of 16.6% and 27.5%, respectively, which might result in 
substantial errors in system level analysis. Thus, efficiency prediction of Pham model will be 
modified in the next section. 



 
Figure 4. Enthalpy rise prediction error contours of Comp1 [%] 

 

 

MODEL IMPROVEMENT BY DENSITY CORRECTION 

Pham model shows the most superior performance prediction accuracy for S-CO2 compressor 
off-design performance. Especially, enthalpy rise prediction was sufficiently accurate, whose 
average and maximum errors are below 1% and 5%, respectively. However, it appears that the 



efficiency predictions by Pham model are not satisfactory, since 7.8% and 12% average errors 
occurs for Comp1 and Comp2, respectively. Moreover, the efficiency prediction of Comp1 shows 
the maximum error of 16.6%, and Comp2 shows the maximum error of 27.5%. The efficiency 
prediction error distributions of Pham model are shown in Figures 5, which show that the errors 
are mostly found in liquid-like region for Comp1 and Comp2. That is to say, Pham model fail to 
predict the efficiency, when a compressor is designed in the gas-like supercritical region but 
operates in the liquid-like supercritical region. Therefore, it is necessary to improve the accuracy 
of efficiency prediction in the liquid-like region. 

In Figure 1, various correction methods are introduced such as using compressibility factor, 
adopting an analogy of critical condition, or using isentropic exponent. Likewise, similar 
correction method can be applied to improve the efficiency prediction of Pham model. The 
density distribution is overlapped as red line on the efficiency error contour in Figures 9 and 10, 
which points out that error distribution and density contour have a similar trend. This observation 
may imply that the correction using density can improve the prediction accuracy. It is also known 
that an S-CO2 compressor has relatively large external loss effects in contrast to an air 
compressor due to high density of S-CO2 in rotor cavity [11]. Therefore, inaccurate efficiency 
prediction was attributed to external loss effects in this study. 

Since the enthalpy rise prediction of Pham model has an acceptable accuracy, only the 
improvement of efficiency prediction is presented in this section. It is found that previous studies 
also tried to modify efficiency prediction model. Glassman [5] suggested equation (26) to 
consider Reynolds number effect based on the viscous losses. 

 
1−ηA

1−ηB
= (

ReB

ReA
)

n

, n=0.1~0.2 (26) 

On the other hand, Roberts [13] pointed out that importance of specific heat ratio on the 
efficiency prediction and proposed equation (27). 

 1−ηA

1−ηB
= (

γA

γB
)

n

, n=0.8 (27) 

These two studies both utilized efficiency as (1-η) in their formulations. (1-η) can be interpreted 
as the ratio between loss effect and ideal enthalpy rise. More specifically, it is possible to suggest 
equation (28). 

 
1 − ηA

1 − ηB
=

(
∆Hloss

∆Hid
)

A

(
∆Hloss

∆Hid
)

B

 (28) 

Figure 6 displays loss effect composition changes with respect to backswept angle. Most 
compressors including air and S-CO2 cases are usually designed to have the backswept angles 
ranging -50 ~ -60°, where leakage and disk friction loss constitute 30~40 percent of total loss 
effects. Accordingly, analytical simplification was imposed to figure out which loss does not 
satisfy the similitude among external losses. To begin with leakage loss, leakage loss effects 
between reference and off-design conditions can be expressed as in equation (29). KAIST-TMD 
adopts the leakage loss model suggested by Aungier [14], which consists of equations (30)-(32). 
During off-design operation, geometric information does not vary, so the original equations can 
be simplified to the last terms of equations (30)-(32). The similitude of Pham model gives 
equations (32)-(36). By combining the leakage loss model with the equalities from Pham model, 
equation (29) can be converted into equation (37), and this means similitude is satisfied in the 
leakage loss term. 
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1−ηoff
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(
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∆Hid

)
ref

(
∆Hlk
∆Hid

)
off

    (29) 

 ∆Plk =
m(r2Cw2−r1Cw1)

Z′r̅ b̅Lb
=

m(ωr2Cw2−ωr1Cw1)

Z(ωr̅)b̅Lb
 ~ 

m∆Hid

U
 (30) 

 Ulk = 0.816√2∆Plk/ρ ~ m0.5∆Hid
0.5U−0.5ρ−0.5 (31) 

 ∆Hlk =
ρZ′δclLbUlkCw2U2

m
~

ρUlkU2

m
~ ρ0.5U1.5m−0.5∆Hid

0.5  (32) 

 

 a = √nsZRT  (33) 
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nsP
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m
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  (

m

ρa
)

off
= (

m

ρa
)

ref
   ; Flow parameter (34) 
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√nsZRT
=

N

a
  (

N

a
)

off
= (

N

a
)

ref
       ; Speed parameter (35) 

 ∆Hid

nsZRT
=

∆Hid

a2   (
∆Hid

a2 )
off

= (
∆Hid

a2 )
ref

 ; Head parameter (36) 
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ρoff
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)

1.5

(
ρref ∗aref

ρoff∗aoff
)

−0.5

(
aoff

2

aref
2 )

0.5

= 1 ; Similitude holds 

(37) 

 

Secondly, disk friction loss can be interpreted likewise above. Efficiency is connected to disk 
friction loss as shown in equation (38). The disk friction loss model [15] can be simplified as 
shown in equations (39)-(41) with fixed geometry during operation. By combining equations (34)-
(36) with equations (39)-(41), equation (38) can be simplified as a function of density, viscosity, 
and sonic velocity. Moreover, the ratios of sonic velocity and viscosity do not change much in 
the liquid-like supercritical region as shown in Figure 7, so viscosity and sonic velocity effect can 
be neglected. The simplification results are shown in equation (42). In contrast to the leakage 
loss case, equation (42) yields the density ratio with the exponent of 0.2, and this does not satisfy 
the similitude suggested by Pham model. Therefore, inaccurate efficiency prediction of Pham 
model is likely to originate from the disk friction among external loss effects. 
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 ; Similitude does not hold 

(42) 

 

By applying similar formulation of equations (26) and (27) but with density ratio, it is possible to 
relate density with efficiency correction as shown in equation (43). The reference density is a 
known variable as it is the density at the design point. Off-design condition density can be derived 
from the compressor inlet temperature and pressure under the off-design operation. Off-design 
efficiencies are calculated from KAIST-TMD in this study. Therefore, the remaining undefined 
variable is an exponent n. If the exponent can be determined for equation (43), this equation can 
be used to predict the efficiency of an S-CO2 compressor. 

 
1−ηref

1−ηoff
= (

ρoff

ρref
)

n

  (43) 

By assuming the reference efficiency and the corrected efficiency are the same, equation (44) 
is derived. 

 
1−ηcor

1−ηoff
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ρoff

ρref
)
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1−ηcor

1−ηoff
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P

ZRT
)

off
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Poff
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n
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Zref

Zoff
)

n

(
Tref

Toff
)
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Equation (44) gives the corrected efficiency, which should be the same with the reference 
efficiency. Figure 8 shows global error and local maximum error changes with the exponent n 
value changes. Both Comp1 and Comp2 have the exponent n that can reduce global and local 
maximum at the same time. Considering variations of global and maximum errors, exponent n 
was determined to have the value of 0.23. This exponent value is close to the exponent of 0.2 
suggested in equation (42), which supports the discussion regarding the inaccurate efficiency 
prediction caused by external loss effects. The minor discrepancy between two exponents can 
happen because equations (37) and (42) are the outcomes of idealized analytical calculation. 
Eventually, efficiency error distributions are improved as shown in Figures 9 and 10 for Comp1 
and Comp2. The average and maximum errors improvements are summarized in Table 16. 

To generalize the value of exponent n and justify the density correction, four additional 
compressors were designed and tested with the suggested method. The design conditions of 
these compressors are summarized in Table 15. The performance predictions with the modified 
Pham model are recapitulated in Table 16. Efficiency prediction indicates less than 3% average 
prediction error and 7% maximum error at most. Before the modification, the Pham model had 
approximately 10% average error and locally maximum error of 27.5% regarding efficiency 
prediction. Therefore, the efficiency correction by density can improve its accuracy effectively. 



 
Figure 5. Efficiency prediction error contours of Pham model [%] 

 
 

 

Figure 6. Loss effect composition changes according to backswept angle [16] 

 



 

Figure 7. Variation of normalized sonic velocity/viscosity 

 

Table 15. Design condition summary (Comp4, 5, 6, 7) 
 Comp4 Comp5 Comp6 Comp7 

Tin(°C) 43.3 55.3 56.7 45.0 

Pin/Pout(MPa) 8.4/20 10/23 7.9/20 8.9/20 

m(kg/s) 80 150 129.15 50 

rpm(rev/min) 16000 13000 13000 15000 

Efficiency(%) 75.3 74.7 74.3 71.0 

ρ(kg/m3) 287.7 322.5 195 324.8 

γ 4.6 4 2.3 5.4 

Z 0.48 0.5 0.65 0.46 

ns 1.5 1.6 1.35 1.6 

 

 
Figure 8. Variation of global and maximum errors according to n values (Efficiency prediction) 

 
 
 
 
 
 
 



Table 16. Summary of performance prediction error by modified Pham model (n=0.23) [%] 
 Average error Maximum error 
 Enthalpy rise Efficiency Enthalpy rise Efficiency 

 
Pham 

(Modified 

Pham) 
Pham 

Modified 

Pham 

Pham 

(Modified 

Pham) 

Pham 
Modified 

Pham 

Comp1 1.0 7.6 1.6 3.7 16.6 5.0 

Comp2 0.45 12.0 2.18 1.7 27.5 5.8 

Comp4 0.56 9.7 1.88 2.1 22.2 4.9 

Comp5 0.44 10.6 1.88 1.5 22.7 5.2 

Comp6 0.61 11.6 2.42 2.6 27.8 7.0 

Comp7 0.50 8.0 2.66 1.2 15.6 6.3 

 
 

 
Figure 9. Efficiency correction by density in case of n=0.23 (Comp1) 

 

 
Figure 10. Efficiency correction by density in case of n=0.23 (Comp2) [%] 

 

 

 



SUMMARY AND CONCLUSION 

The off-design performances of compressor and turbine are conventionally presented in the form 
of a performance map, which represents performance indicator such as pressure ratio, enthalpy 
rise, and efficiency with respect to mass flow rate and rpm while inlet temperature and pressure 
are fixed. Although inlet temperature and pressure are fixed, it is possible to convert the 
temperature and pressure changes into the variation of mass flow rate and rpm with the 
similitude concept. Several models have been developed for the off-design performance 
prediction. However, the applicability of the existing models for S-CO2 turbomachinery has not 
been extensively evaluated. Thus, the purpose of this paper is to evaluate the existing similitude 
models. 

Due to the insufficient volume of experimental data in the open literature, KAIST-TMD was used 
to produce a large amount of data for the evaluation. Error quantification procedure was 
proposed and the accuracies of each model for S-CO2 turbine and compressor were evaluated. 
As a result, average and maximum prediction errors were calculated as mean absolute percent 
error (MAPE). The existing similitude models for turbine can predict efficiency and enthalpy rise 
generally well. Among five models, IGZ, BNI, and Pham show good capabilities. In an S-CO2 
compressor case, Pham model shows the best prediction accuracy for enthalpy rise, but its 
maximum errors for efficiency prediction appears substantially large. Therefore, modification of 
Pham model was proposed in this paper for efficiency prediction, relating density to external loss 
effect in the view point of the similitude model. 

 

NOMENCLATURE 

A Area 

C Absolute velocity 

D Impeller diameter 

Eff Efficiency 

Lb Blade length 

M Mach number 

MAPE Mean absolute percent error 

N rpm 

P Pressure  

PR Pressure ratio 

R Gas constant 

Re Reynolds number 

S-CO2 Supercritical carbon dioxide 

T Temperature 

U Impeller rotating velocity 

V Velocity 

Z Compressibility factor 

Z` Blade number 



 

Subscript 

1 Impeller inlet 

2 Impeller outlet 

3 Diffuser inlet 

a Sonic velocity 

cor Corrected value 

cr Critical (sonic) condition 

df Disk friction 

id Ideal 

in Compressor inlet 

isen Isentropic process 

lk Leakage loss 

m Meridional direction 

o Total condition 

b Blade height 

h Enthalpy 

ks Frictional empirical parameter 

m Mass flow rate 

ns Isentropic exponent 

s Entropy 

s` Disk gap 

v Specific volume 

∆H Enthalpy rise 

Π  Dimensionless or quasi dimensionless group 

η  Efficiency  

ρ  Density 

μ   Viscosity 

γ  Specific heat ratio 

δcl Tip clearance 

ω Rotating speed [rad/s] 



off Off-design condition 

out Compressor outlet 

ref Reference (design) condition 

t Total condition 

w Tangential direction 
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